1. Introduction* We consider a simply connected two dimensional domain D with a nonhomogeneous membrane M stretched across D and fixed at the boundary Γ. Let p(x, y) > 0 be the density function of the membrane. We shall be concerned with the first eigenvalue λ 0 of the equation (1) u X χ + u yv + Xp(x, y)u = 0 subject to the condition u -0 on Γ. Let K be the circle with boundary C on which a homogeneous membrane M x of the same mass as M is stretched. Let \ be the first eigenvalue of Nehari further showed that relaxation to the condition that p(x, y) be subharmonic is not possible. In fact for the case that D is a circle and p(x, y) is superharmonic the inequality in (3) is shown to be reversed. It is the purpose of this paper to establish comparison theorems for the first eigenvalue of homogeneous and nonhomogeneous membranes of the same shape. That is, we shall consider the first eigenvalue of equations (1) and (2) in the same domain D subject to the boundary condition u -0 and v -0 on Γ respectively. We denote the first eigenvalue of the latter problem by μ and consider comparisons between λ 0 and μ. We of course have the completely trivial comparison If u were the first eigenfunction and λ the first eigenvalue of the nonhomogeneous membrane, then (1) would hold and the above expression would be VIBRATION OF A NONHOMOGENEOUS MEMBRANE 1251 On the other hand this integrand is a quadratic form in u χy u y , u. It will be a positive definite form if a > 0 and
If a, P, Q,X happen to satisfy (7) then clearly it is impossible that (6) holds. However if (7) holds for any value λ, it obviously holds for 0 < λ < λ and thus (6) cannnot hold for any function u{x, y) with 0 < λ < λ. This implies that λ is a lower bound for the first eigenvalue of (1).
We shall therefore be concerned with the possibility of selection of functions P, Q, a such that inequality (7) holds for some value λ. For convenience we assume the bounded domain D is in the first quadrant. We select the function α(x, y) to be 
The theorem is an immediate consequence of inequality (10) which exhibits the positive definiteness of the integrand (6). Inequality (11) is a statement that (10) must be violated. We note that (11) is a useful relation if N o is particularly small;, hence this states that p(x, y) should be small near the center of the membrane, but may be large near the outer edge and still (11) will be a significant lower bound for λ 0 . The basic distinction between (11) and other results lies in the fact that p(x, y) has no restriction except positivity.
A word should be said about the selection of the function a(x, y). We chose for this function the first eigenfunction for the equation (2) applied to a rectangle which contains D in its interior. We could have selected for a(x, y) the first eigenfunction for any including domain, e.g., a circle, equilateral triangle, etc. with a resulting inequality similar to (11). Finally the selection a == 1 yields the standard result
3. Bounds with condition on the density function. We return to inequality (7) and the selection of a, P, and Q. We recall that these functions may be arbitrary except that α(x, y) must be positive. We make the choice •P(x,
where, as before, φ is the first eigenfunction of (2) for the domain D. We obtain
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If we assume the function \\p is superharmonic and set
•B 2 \p we obtain the following result. It is possible to obtain a comparison theorem for the case where log p is subharmonic. To see this we make the choice a(x, y) -log -P and we assume 0 < p(x, y) < 1 in D. With this selection we take
PoΦ as before and obtain
We assume logp is subharmonic and define 
